PRODUCTS IN FUSION SYSTEMS 



ELLEN HENKE 



Abstract. We revisit the notion of a product of a normal subsystem with a p-subgroup as 
^SJ ■ defined by Aschbacher [Asclll Chapter 8]. In particular, we give a previously unknown, more 

transparent construction. 
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1. Introduction 



Saturated fusion systems are categories mimicking important properties of fusion in finite 
groups. They were (under a different name) first defined and studied by Puig in the early 
1990's, mostly for the purposes of block theory; see |Pui06| and [Pui] . Later, Broto, Levi and 
Oliver introduced in [BLO03b] the now standard notation and terminology. They also extended 
Puig's theory for the study of classifying spaces of finite groups. 

Prom the very beginning, translating group theoretical concepts into the framework of fusion 
systems played a vital role in developing the theory from an algebraic point of view. Already 
Puig has introduced normalizers and centralizers of p-subgroups in fusion systems, normal and 
central subgroups, factor systems, and a notion of normal subsystems. More recently, in two 
■ fundamental papers |Asc08l lAscllj , Aschbacher has built up an increasingly rich theory. His 

^ . main motivation was to provide a framework in which portions of the classification of finite simple 

groups can be carried out in the category of fusion systems, hopefully leading to a simpler proof. 

Even though concepts borrowed from finite group theory became fundamental for the under- 
standing of fusion systems, many constructions which are elementary in groups are difficult or 
. perhaps even impossible in fusion systems. For example, if is a normal subgroup of a group G 

I then, for any subgroup H of G, the product NH is trivially again a subgroup of G. If we, in con- 

trast, consider a saturated fusion system, products of normal subsystems with other saturated 
subsystems are so far only constructed in very special cases. Aschbacher [Asclll Thm. 3] has 
proved the existence of a product of two normal subsystems provided their underlying p-groups 
commute. Moreover, he has defined a product of a normal subsystem with a p-subgroup; see 
I Theorem 5 and Chapter 8 in [Ascllj . In this paper we aim to review the latter concept. The 

reason is firstly that, even though Aschbacher's proof is constructive, the explicit description 
of the product system is quite complicated, so we would like to give an easier construction. 
Secondly, we seek to simplify parts of the arguments in the proof of [Asclll Thm. 5] and to 
give a more transparent proof. Our proof, like Aschbacher's, uses the existence of models for 
constrained fusion systems as proved in [BCG^05 , and thus relies indirectly on the vanishing 



of certain higher limits of functors; see also [AK01l[ Section III.5.2]. Apart from that our proof 
is elementary and essentially self-contained. In particular, we avoid the counting argument in 

i Ascllt 8.1] which relies on the existence of a certain (S", S')-biset from [BLOOSbl Prop. 5.5] via 
BCG"'"07l Prop. 1]. This simplification is mainly achieved by exploiting the existence of well- 
placed subgroups which we define in 14.31 However, part of our proof still follows Aschbacher's 
work. 

For the remainder of this paper, we assume the following hypothesis: 
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Hypothesis 1. Throughout, p is a prime and T is a saturated fusion system on a finite p- 
group S. Let Fq he a normal subsystem of T on a subgroup Sq of S. Let T be a subgroup of S 
containing Sq. 

We refer the reader to [AKOllj for the main definitions regarding saturated fusion systems 
and normal subsystems. Next we will construct the product J-qT, which we sometimes also 
denote by {J-qT)j: to stress that we form the product inside the given fusion system T. Note 
that the following definition trivially leads to a notion of the product of J-q with an arbitrary 
subgroup R of S just by setting TqR := To{SoR). 

Definition 1. For a subgroup P < S set 

A°(P) := A5r jr;,(P) := {ip € Autj-(P) : ip p' -element, [P, 99] < PnS'o and ip\pnSo G Autj-„ (Pn5o)). 

The product of J-q with T in F is the fusion system 

ToT := {ToT)r := (A°(P) : P < T and P n So £ T^)t. 

Here, for any set H consisting of J^-morphisms between subgroups of T, we write {'H)t for 
the smallest subsystem of J-" on T containing every element of 7i. 

In the definition above, it might at first seem artificial to restrict attention to the subgroups 
P of T with P n 5*0 € J-Q. However, this is indeed essential. We prove in 14.71 that A°(P) = 
0^(Autj-pj^(P)) for any P <T with Pn € Tq. In contrast, for an arbitrary subgroup P of T, 
A°(P) does not need to be contained in Aut j-ot(P) as we show in Example 17.51 Thus, it seems 
that there is no easy way of describing AutjrgTiP)- Nevertheless, according to the theorem we 
state next, the subsystem J^qT is in fact the only saturated subsystem of which can sensibly 
play the role of a product of Tq with T. 

Theorem 1. The fusion system TqT is a saturated subsystem of J- on T . Furthermore, J-qT is 
the unique saturated subsystem £ of T on T with 0^{£) = 0^{J-o). 

The above theorem is essentially [AsclH Thm. 5] except for the concrete description of J-qT. 
The uniqueness implies in particular that our subsystem TqT coincides with the subsystem 
J-qT defined by Aschbacher. For the uniqueness statement it is actually important to form the 
product "internally" , i.e. inside of a fixed fusion system J^; see Example 17.41 

If G is a finite group, S £ Sylp(G) and N <G, then by |AK()1H Prop. 1.6.2], TsnN{N) is 
a normal subsystem of Ts{G). As stated in the next proposition, the fusion system product 
coincides, in the group case, with the fusion system of the usual product of subgroups. 

Proposition 1. Suppose J-" = J-'s{G) for some finite group G with S E Sylp(G), and there exists 
a normal subgroup N of G such that Sq = S H N and J^q = Tsoi^)- Then FqT = Ft{NT). 

By the Hyperfocal Subgroup Theorem of Puig [PuiOni §1.1] and [AKOIH Thm. 7.4], 

OP{Fs{G)) = FsnonG){0^{G)) 

for any finite group G with S G Sylp{G). Thus, under the hypothesis of Proposition [H 
OP{To) = Ts^nonmiOn^)) = TTnOP{NT){OP{NT)) = OP{Tt{NT)) as 0P{NT) = 0P{N). 
Thus, Proposition [T] could be obtained as a consequence of Theorem [H However, we need to 
prove Proposition [T] first, because it is applied in the proof of Theorem [T] to constrained local 



subsystems, which by [BCG^05 come from a finite group. 

The overall structure of this paper is as follows: After some preliminary results in Section [2l 
Proposition [T] is proved in Section [3l In Section |4] we prove various properties of J-qT, which 
in Sections [5] and [6] are used to prove Theorem [H We conclude in Section [7] with some final 
remarks and examples. In particular, we explore in Subsection 17.11 connections to factor systems. 
We adapt the definitions and notations from |AK011j . especially the ones from Part II, as we 
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write our functions on the right side. Furthermore, throughout this paper, we use the fohowing 
notation: 

Notation 1. Set V := TqT and, for any P < T , Pq := P n Sq. 

Acknowledgment. The author would hke to thank Prof. Michael Aschbacher for many helpful 
and stimulating discussions and for hosting her for four weeks at Caltech in November and 
December 2011. 

2. Preliminaries 

In this section we collect some lemmas regarding fusion systems, which are necessary later 
on. According to Hypothesis [H is a saturated fusion system on S. So in addition to the weak 
axioms [ AK01l[ Def. 2.1] that are satisfied in any fusion system, two non-trivial axioms need to 
be satisfied, the Sylow axiom and the extension axiom; see [AKOIH Prop. 2.5] and also jAKOlU 
Def. 2.2] for an equivalent definition. The extension axiom says that, for subgroups P,Q < S 
with Q fully J'-centralized, each 93 G Isojr(P, Q) extends to an element of Homjr(A''^, S), where 

:= := {g € Ns{P) : {cg\p)ip* G Auts(g)}. 

By the next remark, this is actually a natural condition, since A'^^ is the largest subgroup of 
Ns{P) to which ip can possibly be extended. 

Remark 2.1. Let P<X < S, and let : X S be a group monomorphism (not necessarily in 
T) such that ip := iplp S }iomjr(P, Pip) . Then for all g (z X , {cg\p)(p* = Cg^\p^. In particular, 
X < and Autx{P)^* = Autx^(PV)- 

Proof For h € P^, h{{cg\p)^*) = {{h^-y)i^ = h^^ = h{cg^\p^). □ 

As it will become apparent in the proofs, the above remark has also some very practical 
consequences, since in many cases it allows to extend a morphism in a subsystems of provided 
there exists an extension in In this connection also the next remark is useful. Recall that, 
given a (not necessarily saturated) fusion system £" on a finite p-group R, a subgroup Q of i? is 
called fully automized in £ if AutR{Q) G Sy\p{Aut£{Q)). 

Remark 2.2. Suppose £ is a subsystem of on a subgroup R of S. Let P < R and ip G 
Hom£:(P, i?) such that Pip is fully automized in £. Then Autjv^ni?(-P)v'* ^ Autij(P) and 

N^ = N^n R. 

Proof. Note AutR{Pip) < Auts{Pip)riAut£{Pip), so as Pip is fully automized in AutR{Pip) = 
AutsiPip) n AutsiPp). Then by definition of N^, AutN^nR{P)f* < AutsiPip) n Aut£{Pp) = 
Autij(P(/?) which yields the assertion. □ 

The next rather specialized result gives a connection between two potentially different exten- 
sions of a morphism. 

Lemma 2.3. Lei P G 7", Q < P, 7 G Aut^(P) and /3 G Hom^(P, 5) such that /3|q = -/\q. Then 
[Cp(7),/3] <Cs(g/3). 

Proof. Observe first that Q/? = Q'j is normal in P7 = P. Let x G Cp(7). Using [27T] we obtain 
Hence 

This implies [x,/3] = x~^(x/3) G CsiQP) and thus the assertion. □ 
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We now turn attention to the normal subsystem Tq of T] see |AKQll[ Section 1.6] for a 
detailed introduction to normal subsystems. The next two lemmas are concerned with properties 
of subgroups of 5o. 

Lemma 2.4. (a) For any Pq G Fq, Pq C Tq. 

(b) Let Pq € and a G Homjr(N5'o (Pq); •S'o)- Then P^a € Fq and N5'q(Po)o = N5(j(Poa)- 

Proof. Note that every element of Autj-(5o) induces an automorphism of Fq and thus maps 
every /"o-centric subgroup to an 7"o-centric subgroup and every fully /"o-normalized subgroup 
to a fully /"o-normalized subgroup. If Pq G Fq and (p G Homjr(Po,S') then by the Frattini 
argument for fusion systems |AK01H Prop. 1.6.4], tp = ipof] for ipQ G Homjr^(PQ, Sq) and some 
/3 G Autjr(S'o). Then Pq^Po G Fq as Pq G Fq. Hence, also Pq^p = {Poipo)l3 G Fq proving (a). Let 
now Pq and a be as in (b). Then again by the Frattini argument |AK01l[ Prop. L6.4], a = ao/3 
for some ao G Hom_7rp(N5(j(Po), Sq) and some /3 G Autj-(5o). As Po G fI and l<isoiPo)ao < 
N5(,(Poao), we have Poao G Fq and Nsp(Po)ao = N5(,(Poao). Hence, Poa = Poao/3 G F^ and 
N5o(Po)a = N5o(Poao)/3 = t<So{Poa), which proves (b). □ 

Lemma 2.5. Let Qq < Sq such that Qq G J^-^. Then Qq G J^q . 

Proof. Let Pq G Q^" n J"^. As Qq G F^ , it follows from |AK011[ Lemma H.S.l] that there 
exists ip G Homj-(N5(Po), S) such that Pop = Qq. Then Nsq{Po)p < ^So{Qq)j so Qo ^ -T^o 

We conclude this section with a technical result needed in the proof of 15.61 It gives some 
properties of extensions of morphisms between subgroups of Sq. 

Lemma 2.6. Let £ be a subsystem on T, Vq G Fq, Pq G Vq^, a G Hom£-(Po, Vq), Qq = n5'o 
and a G }iom£{QQ, Sq) such that a\pg = a. Then 

Autp^£((5o)a* < AutNy(v^,)(Qoa)CAut£(Qoa)(^o) 
and {t G 'Nt{Vq) : Ct\vo ^ A.ut^ejPQ)a*} C NriQQa). 

Proof Set Wq := Qqu and let t G Nt(Vo) such that ct\vo ^ Autj^^g (Po)a*. Observe Qq<N^ and 
thus AutQo(Po) < AutN£(Po). UsingEH we get AutwoiVo) = AutQo(Po)Q* < AutN£(Po)a*. In 
particular, Autiyo(^o) is normalized by ct\vo thus, again by 12. H 

Autiyt(yo) = AutwoiVo) {ctWoT = AutH/o(^o)- 

Hence, Wq < WqCso{Vq) = Wq as Vq G Fq. This proves t G Nt(I^o) and thus the second part 
of the assertion. For the first part let G Aut^fifQo)^* and note that V'lvb £ Aut^£(Po)a* < 
Autr(Vb). Hence, there exists s G Nr(Vb) such that Vivb = Cs\vo- what we have proved 
before, s G Nr(Wo), so ip{cs\wo)^^ ^ CAut£(H/o)(^o)- This completes the proof. □ 

3. The proof of Proposition [T] 

We prove the following slightly stronger version of Proposition [1] 

Proposition 3.1. Suppose F = Fs{G) for some finite group G with S G Sylp(G), and there 
exists a normal subgroup N of G such that Sq = StlN and Fq = Fs^iN). Then FqT = Ft (NT) 
and A°(P) = OP(Autj-oT(-P)) = OP(Autiv(P)) for any P<T with PhSq^F^. 

Proof Observe that, for any P < T, NiVT(-P)/ NAr(P) ^ Nnt{P)N/N < TN/N is a p-group 
and hence OP(N7vt(^')) = OP(N7v(P)). This implies 

OP(Aut^T(^')) = OP(Aut7v(P)) < A°(P) for any P < T. (3.1.1) 
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If P G TriNTy^''', then by |Ascll[ 7.18], Pq G Moreover, AutT(P) G Sylp(AutArT(P)) and 
thus AutArT(P) = OP(Aut Arr(P)) AutT(-P)- Hence, by definition oiToT, (f3XT]l and Alperin's 
Fusion Theorem |BLO03bl Thm. A. 10], we have Tt{NT) C TqT. 

To prove TqT C Tt{NT) let P < T such that Pq € F^. We need to show that A°(P) < 
Aut7VT(P)- Let if € Autjr(P) be a p'-element such that [P, </?] < Pq and (/?|pq G Autj-jj(Po). 
Then there exist p'-elements g G Ng(P) and n G N7v(Po) such that 93 = Cg\p and (/jjpp = Cnlpo- 
Then gn^^ G Cg'(Po)- Moreover, [P, 5] < Pq and thus, by a property of coprime action |KS041 
8.2.7(a)], P = PoCp(5). Observe that [Cp{g),gn-^] = [Cp{g),n-^] < N. Thus, [P,gn-^] < N. 
As gn~^ G Cg(Po) and Cg'(Po) is normalized by P, this implies [P, ^m"-"^] < CAr(Po). Set 

U := Op.(C7v(Po)), X := Ng{PU), C := CxiPU/PoU) H Cx(Po). 
Observe that U = Op>{PU) < X and thus Y := Cx{PU/U) < X. Set 

X := X/Y. 

Since Pq G JJ, by [BLO03al Lemma A.4], CAr(Po) = Z{Po) x U. From above, gn'^ G Cg(Po) < 
NciU) and [P,5n-i] G Cjv(Po) = Z{Po)U, so gn'^ G X and gn^^ G C. Since Pq = P n 
iV < Ng(P), it follows Ng(P) < Ng(?7) and hence 5 G Ng(P) < X. Thus we have shown 
that g,n ^ X and gC = nC, whence also gC = nC. Observe that C is a p-group by |KS04l 
8.2.2(b)]. It follows that {g)C = {n)C and {g),{n) are p'-Hall subgroups of {g)C. Thus, as 
{g)C is solvable, (g) and (n) are conjugate in {g)C. This implies (g) < {{n)^) < N n X 
and thus g G N n X. Therefore, there exists h ^ N such that gn~^ G Y. Observe that 
[Ny(P), P] < P n [y, P] < P n [/ = 1 and so Ny (P) < Cg(P). Hence, by a Frattini argument, 
gn-i G yP = Nyp{P){PU) = Ny(P)P[/ < CGiP)PN. It follows g G Cg{P)PN and thus 
^ = Cg\p G AutpAr(P) < AutTAr(P). This proves 

A°(P) < OP(Aut^T(P)). 
So JbT C Tt{NT) and, by (l3XT]l . A°(P) = OP(AutjvT(P)) = OP(Aut7v(P)). □ 

4. Properties of P = T'o?' 

Remark 4.1. Lei P < Sq and a G Homjrpy(P, Sq). T/zen a = qoo /or some t & T and 
ao G Homjrjj(P*, So). Moreover, for any such t,ao, we have < Na^^. 

Proof. By construction of J-qT, a is the product of morphisms in Fq and morphisms induced 
by T. Moreover, for any Q < Sq, j3 G Hom^r^j (Q, 5o) and s G T, we have /3(cs|q/3) = (cs|q)/3 
where (3 := {cs\q)~^ I3{cs\qp) G as J"o is normal in T. This yields the existence of t G T and 
ao £ HomjrQ(P*, So) with a = Qao- Using [2T| we obtain for any such t, ao that 

Aut7v^(P*)ao = AutAr^(P)c*a5 = AutAr^(P)a* < Auts(Pa). 

Hence, iV* < iV„(,. □ 

Lemma 4.2. Let Pq < Sq and ip G Homx)(Po, •S'o) such that Pqlp is fully Tq -normalized. Then 
ip extends to G Homx)(A^^ n S'o, S'o). 

Proof. Bv l4.1l we have ip = ct(po for some t £ T and (po G Homjrj|(P(^, Pqip). Moreover, N^^ < Ny,^. 
Since Pqp G /"q, Poip is fully Jo-automized, so bv 12.21 [N^ n So)* < X^^^. Hence, as is 
saturated, ipo extends to (po G Horn jr^^ {{Nip n So)*, So). Thus, ip = ct(po G }ioinv{Xp PI So, So) 
extends □ 

Definition 4.3. Let Pq < Sq. Set Nq := Po and iVj+i := Nso{Ni) for i > 0. Then we call Pq 
well-placed if for all i > 0, the following conditions hold: 

(i) iV.G^. 

(ii) AutT(iVi) G Sylp(Autx)(iVi)), and 
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Lemma 4.4. Let Qo < Sq. Then there exists Pq € Qq' such that Pq is well-placed. 

Proof. Let Qq be a counterexample with \Qq\ maximal. We may assume Qo € . By construc- 
tion of V, Autx)(5'o) = Autj-p(S'o) AutT(5'o). As J^o is saturated, Inn(5'o) € Sylp(Autj-„(S'o)), so 
AutT(5'o) € Sylp(Autx)(5'o)) and 5*0 is well-placed. Hence, Qo < Sq and thus Qo < ^SoiQo)- 
Now by maximality of \Qo\, there exists ip € Homx)(N5'Q(Qo)) 'S'o) such that ^SoiQo)'^ is well- 
placed. By I2.4r b). Qo^p € Tq and 'Nso{Qo)'P = '^SoiQo^)-, as Qo € J'g. Hence, replacing 
Qo by Qo^ we may assume that Rq := ^SoiQo) is well-placed. In particular, AutT(-Ro) £ 
Sylp(Autx)(iio)) and thus there exists G Autx>{Ro) such that AutT(-Ro) H (NAuti,(_Ro)(Qo)V'*) ^ 
Sylp(NAuti,{iJo)(Qo)^*)- As i?o = Nso((5o) and Qo e -^o , we have Pq := Qo^ G ^o and i?o = 
N5o(Po). ThenNAutT{flo)(^o) G Sylp(NAut^(ijo)(^o)). By|Ml the elements of NAut^(Po)(Autso(i^o)) 
extend to elements of Autx>{Ro), so 

NAuti,(Po)(AutsQ(Po)) - NAuti,(i?o)(-^o)/ CAuti,(flo)(-^o)- 

Hence, as NAutT(/?o)(-fo) G Sylp(NAutx,(iJo)(-Po)), AutT(Po) G Sylp(NAuti,(Po)(Autso(-Po)))- As 
Pq G J'q we have AutsQ(Po) G Sylp(Autj-jj(Po))- Hence, by the Frattini argument, Autx)(i-b) = 
Autjrj,(Po)NAuti,(Po)(^^*5'o(-Po)) and so AutT(-Po) G Sylp(AutD(Po))- Now Pq is well-placed as 
Ro = Nso{Po) is well-placed. □ 

Lemma 4.5. Let Pq G J-q be well-placed. Then Autx)(-Po) = AutxiPo) A.utjrg{Po) . 

Proof. Let Pq be a counterexample with |Po| maximal. By construction of T>, Autx)(5'o) = 
AutT(<S'o) Autj-|^(S'o). Hence, Pq < 'S'o and thus Pq < Pi := Nso{Po). As Pq is well-placed. 
Pi is well-placed. So since |Po| is maximal, Autx)(Pi) = AutT(Pi) Autj-p(Pi). In particu- 
lar, OP(NAuti,{Pi)(^o)) < OnAut7,(Pi)) < Aut^o(Pi). As Pq is well-placed, NAntr{P^)iPo) G 
Sylp(NAuti,{Pi)(^'o))- Hence, 

NAut^(Pi)(^'o) = NAutHPi)(^0)O^(NAut^(Pi)(^0)) = NAut^(p,)(Po)NA,t^^(p,)(Po). (4.5.1) 

As Pq is well-placed, Pq is fully J-Q-normalized and thus fully J-Q-automized. In particu- 
lar, by the Frattini argument, Autx)(Po) = Autj-p(Po) NAutj,(Po)(Aut5Q(Po)). Hence, it is 
sufficient to show that NAuti,(Po)(AutsQ(Po)) < AutT(Po) Autj-p(Po). Bv 14.21 every element 
a G NAuti,(Po)(Autso(Po)) extends to an element a G NAuti,(Pi)(-Po)- Then by ()4.5.ip . a = ctao 
for some t G Nt(Po) and some qq G NAutjp^(Pi)(Po)- Hence, a = a|p(, G AutT(Po) Autjrjj(Po). 
This yields the assertion. □ 

Lemma 4.6. Let Pq G Tq. Then OP{AutviPo)) = OP(Autj-o(Po)). 

Proof By 1131 we may choose Uq G Pq such that Uq is well-placed. By [331 OP(Autx)(f/o)) = 
OP(Autj-o(C/o)). Then for ^ G Isoi?([/o, Pq), we have OP(Aut7?(Po)) = OP{AutviUo))f3* = 
Of (Aut (C/o))/3* = OP(Aut^„ (Po)) as To<T. □ 

Lemma 4.7. Let P < T. Then OP(Autx)(P)) < A°(P). In particular, if Po G JJ, then 
OP{Antv{P))=A%P). 

Proof. Let ip G Autx)(P) be a p'-element. Observe that Aut j) / Sg{P So / Sq) = Auty/5(,(PS'o/5'o) 
and so if induces a p- automorphism of PSq/Sq. Hence, [P,(p] < Pq. Moreover, 

^\P, G OP{AutviPo)) < Aut^„(Po) 
bv 14.61 This proves cp G A°(P) which yields the assertion. □ 
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5. V = TqT is saturated 

To show that V = FqT is saturated, we assume from now on that {T,Tq,T) is a counterex- 
ample such that first T is minimal with respect to inclusion, then J^q is minimal with respect to 
inclusion, and then |T| is maximal. 

Lemma 5.1. T is strongly closed in T . 

Proof. IfT = S then we are done. Thus we may assume that T < S and thus T < Ti := Ns(T). 
Then the maximality of |r| implies that J^o^i is saturated. Observe that T is strongly closed in 
J-'qTi. Therefore, we may assume ^ ^qTi. Then by the minimality of J-", FqT = (-Fo^)j'oTi is 
saturated, contradicting {T,To,T) being a counterexample. □ 

Notation 5.2. Set V := FqT. For JjQ^F^r] set 

V{Uo) := ^N^(UoCsm){Uo) and £{Uq) := N^o(f/o). 

It follows from |Asc081 Thm. 2] that T>{Uo) and £{Uo) are constrained saturated subsystems of 
T with £{Uo) < V{Uo). Hence, by |Asc081 Thm. 1] we may choose models G{Uo) and N{Uo) of 
T>{Uq) respectively £{Uq) such that N{Uo) is contained in G(C/o) as a normal subgroup. 

ForPo G T^'' and a G Homj-(N5(Po), 5*) with Poa G setH{Po,a) := N{Poa)(NT{Po)a) < 
G{Poa) and 

M{Po,a) := Q(7'NT(Po)a(-f^(-Po,a)))a^^ 

For every Pq G Tq'^ set 

fn(Po) := {7V(Po,a) : a G Hom^(N5(Po), 5") such that Poa G T^}. 

Note that for Pq G T^" and a G Homj-(iV5(Po), 5), Poa G bylMl^a), so G{Poa) and 
N{Poa) exist, and H{Po, a) is well-defined. In fact, for the definition of H{Po, a) and Af{Po, a), 
it would not by necessary to assume Pq ^ -^qj but this is only to ensure that M{Po,a) is 
saturated, as we prove in detail in the next lemma. 

We will use from now on without reference that, by |AK01l[ Lemma n.3.1], for any Pq G -Pq'^, 
there exists a G Homjr(Ns(Po), S) such that Poa G and in particular, 

(In fact, by [Asclll 8.3.3], |^(Po)| = 1. However, this property will not be needed in our proof.) 

Lemma 5.3. Let Pq G tI'' and M G '^{Po)- Then N is a saturated subsystem ofD on Nt(Po). 
Moreover, Nj-o(Po) < TV, Pq < and OP{Aut^f{R)) < A°(P) for every R < Nr(Po). 

Proof Let a G Homj-(N5-(Po), 5) such that Poa G P^ and TV = TV(Po,a). By EH Poa G T^" 
and NsoiPoa) = Nso(Po)a < Nr(Po)a. As iV(Po,a) is a model for £'(Poa), Nso{Poa) G 
Sylp(iV(Po,a)). Hence, NT(Po)a G Sylp(i/(Po, a)), so TVi := J':^^^Pg)a{H{Po,a)) is a satu- 
rated fusion system on NT(Po)a. In particular, TV is saturated, as a~^ induces an isomor- 
phism from TVi to TV. Moreover, Poa < H{Po,a), so Poa < Mi and thus Po < TV. Note also 
aNj-(,(Poa)a-i = Nj-(,(Po), whence Nj-o(Po) < TV. Let R < Nt(Po). By O and iZl applied 
with (P(Poa),£^(Poa),TVi) in place of {T,To,T>), we get 

0*'(AutM(i?a)) < A^(p,,„)^^(p^^)(Pa) < A°(Pa). 

Hence, OP{AutMiR)) < A°(Pa)(a-^)* = A°(P). So it only remains to show that TV is a 
subsystem of V. Let Q G TV-^''''. As Po < TV, we have, Pq < Qo and so Qo G Pq ^ ^ ^o- 
what we have just shown, 0'^{A.nij\f{Q)) < A°{Q) < Aut2?(Q). By Alperin's Fusion Theorem 
|BLO03b[ Thm. A.IO], Af = (OP(Aut^(Q)) : Q G M^''^) Nt{Po)^ soM^V. This shows (b). □ 
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Lemma 5.4. Let Pq € J-q'^ be fully D-automized. Then every element G Aut©(Po) extends to 
(p G Romj){N^nT,T). 

Proof. Let Af £ 9T(Po)- By [531 A/" is a saturated subsystem of V on NsiPo) with Pq < A/" 
and Aut j^g{Po) < Aut;\^(Po)- Using HT6l and the fact that Pq is fully P-automized, we obtain 
Aut©(Po) = Autj-o(Po) Autr(Po) = AutAr(Po)- ByO applied with {T,V) in place of iR,£), 
AutN^nTiPo)^* < AutT(Po) = AutNy(p„)(Po) and thus N^nT < , for all ip G Aut©(Po). 
Now the assertion follows from the fact that M is saturated. □ 

Remark 5.5. Let P <T be fully V-automized and Q G P^ . Then there exists a G Isox>(Q,P) 
such that Nt{Q) = NaCiT = N^. 

Proof. For /3 G lsox>iQ, P), Autj-IQ)/?* is a p-subgroup of Autx>(P). So by Sylow's Theorem, 
as AutT(P) G Sylp(Autx,(P)), there exists 7 G Auti,(P) such that AutT(Q)/3*7* < AutT(P). 
Then the assertion holds for a = (3^. □ 

For the next lemma recall that a subgroup U <T \s called D-receptive if for any P <T and 
a G Isox)(P, U), a extends to a member of Homx)(A'^^, T). 

Lemma 5.6. Let Uq G J-q such that Uq is well-placed. Then Uq is T>-receptive. 

Proof. Assume the assertion is wrong and let Uq be a counterexample such that \Uq\ is maximal. 
We show first: 

Let Pq G C/(f and a G Isoi5(Po, Uq) such that Pq < NaCi Sq. (5.6.1) 
Then a extends to a member of iiomx>{Na fl T, T). 

We prove (j5.6.ip by contradiction. Let (Pq, a) be a counterexample to (|5.6.ip such that |A''anS'o| 
is maximal. Set Qq := Na H Sq. As Uq is well-placed, Uq is fully Jo-normalized, so by 14.21 a 
extends to d G liom.x>{Qo, Sq). Set Rq := Qoa. Bv l4.4| there exists Rq G Rq' such that Rq is well- 
placed. Let (3 G Homx)(Po) -^o)- As AutT(Po) ^ Sylp(Autx)(Po))) there exists if G Autx)(Po) 
such that 

Aut^^([;„^^)(Po) = AutT(Po)n(N^^t^(^^^)(C/o/3)v9*) 

e SyV(N^,,^(^^)(C/o/3)^*) = Syl,(N^,,^(^^)(C/o/3^)). 

So replacing f3 by /399, we may assume that AutNj,([/p^)(Po) G Sylp(N^^^^(-^^-j(C/o/3)). Then as 

AutNj,(C/o)(Po)/3* < ^AutT,{Ro)(^0^)^ ^^^"^^ ^^istS ^ ^ NAuti,(/?o)'^^0^) ^^^'^ 

AutNj,([/o)(Po)/3*V'* < AutNy(;7o/3)(Po)- 
Therefore, replacing /3 by 13'ip we may assume 

NT(C/o)nNT(Po) <iV/3. 
If Pq = Nsq(J7o) then, as Uq is well-placed, Pq is also well-placed and, bv l4.3f iii). 

AutNj,(c/o)(Po) G Sylp(NAuti,{iJo)(f^o))- 

Hence, in this case we can and will choose Pq = Pq and /3 = Idj^. 

As Uq is well-placed, Uq is fully P-automized. Thus, by [221 7V„ n T = iV^ . Now hyUM 
applied with {V, a/3|(/o, d/3, C/o/3) in place of {£, a, a, Vq), we have 

AutAr^nT(Qo)a*/3* < AutNj,(;7o/3)(Po) CAuti,(/jo)(^o^)- 
Moreover, as AutNj,(c/o/3)(Po) G Sylp(N^^^^(^^)(C/o/3)), it follows 

AutNy([/;,^)(Po) G Sylp(AutNj,(c/o/3)(-Ro)CAuti,(jjo)(^o/3)). 
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Hence, there exists 5 € ^Ant-riiRo)^^^^^ such that Aut]\f^nTiQo)o* [3* 6* < AutNy(^g^)(i?o)- Then 
Na n r < Na/3S- Since {Po,a) is a counterexample to (|5.6.ip . Pq < Qq and thus |i?o| > \Uo\. 
Therefore, as Uq is a counterexample to l5.6l with \Uq\ maximal, a/36 extends to 7 € }iomx>{Na H 
T,T). Then 7|pg = (q;/3)|p(, since 5|[/o/3 = Id. So 7 extends af3. Note also that \Ro\ > \Uo\, so 
the maximality of \Uo\ gives also that /3 extends to /3 G Homx)(NT(?7o) ^ Nj'(i?o))^)- 

If i?o = Nsq([/o) then by our assumption, /3 = Id and 7 extends a = a/3. Hence, we may 
assume from now on that i?o < N5q(C/o). Then 

<N5o(C/o)nNso(i?o). 

As Uq is well-placed, C/q is fully P-automized, so l5.5l implies that there exists pg G Homx)(f/o/3) Uq) 
such that NT(f/o/3) = Np^ n T. Then 

i?o < (N5o(^o) n NsoiRoW < ^soW) = Np, n 5o. 

Hence, \Npg H So\ > \Ro\ = \Qo\ = \Na H So\ and by the maximality of \Na n 5*01, po extends to 
p e Homi,(NT(C/o/3),r). Set 

X:={te Nt{Uo) : ct\uo ^ Autw, nT(-Po)a*}. 

ByESl X < NT(f/o)nNT(i?o)- Note also Ct(C/o) < X. In particular, Ct(C/o) < NT(t/o)nNT(i?o) 
and hence 

I CtW)\ = I Ct(C/o/3)pI < I Ct{Uo)\ = 1 CrmPl < \ CtW)\- 
So equality holds above and thus CT(f^)/5 = Ct{Uo(3). Now 

Aut(7v.nr)7(f^o/3) = Autiv,nT(Po)(7|Po)* 

= AntN^nT{Po)a*{f3\u,r = Autx(f/o)(/3|c/o)* = Aut^^([7o/3), 
where the first and last equality uses 12.11 This implies 

{N^ n r)7 < (x^) CtW) = {xp){Ct{Uo)'^) < (Nt(c/o) n Nt{RoW. 

Hence, 7/? ^ G llom.x){Na H T, T) is well-defined and extends a, so (15.6. ip holds. 

We now derive the final contradiction. Since Uq is a counterexample to the assertion, there ex- 
ists Pq G and a G Homx)(Poi Uq) such that a does not extend to a member of B.omx){N^ , T). 
As f/o is well-placed, Uq is fully P-automized, so by 12.21 N'^ = Na H T. Observe that Sq G J-'q 
and Sq is fully P-automized since Autx)(S'o) = Autj-^ (5o) Autj'(5o). So by 15.41 Pq 7^ Sq and 
thus Po < Nso(Po)- As AutTlC/o) G Sylp(AutD(C/o)) there exists x ^ AutD(C/o) such that 
AutT{Po)a*x* < AutT(C/o). Then Nt(Po) = N„^ nT, so Pq < N5o(Po) = A^ax ^ ^q. Thus, by 
(|5.6.ip . ax extends to an element 7 G Homx)(Nr(Po)5 Note that 

Aut(^^nT)7(^o)(x"')* = Aut7v.nT(Po)(7|Po)*(x"')* = AntN^nT{Po)a < AutT(Po). 

Hence, {Na H T)7 < N^-i. As Uq G J-'q'^ is fully P-automized and x^^ £ Autx)(C/o)) it follows 
from 15.41 that x~^ extends to ip G ilomx>{N^-i PI T,T). Then 7^/^ G Homx)(A^a H P, T) extends 
a, a contradiction which completes the proof. □ 

Lemma 5.7. Let Pq G Pq. T/ien there exists a G Homx)(Nj'(Po), P) such that Pqo is well- 
placed. 

Proof. By 14.41 there exists Uq £ Pq' such that Uq is well-placed, and by 15. 5| there exists a G 
Isox>(Po, Uq) with Nt{Pq) = N^- Now the assertion follows from 15.61 □ 

Lemma 5.8. Let Sq<P <T. Then AutriP) n A°(P) G Sylp(A°(P)). 
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Proof. Using Notation[01 let G := G{So) and N := N{So ) be mod els for V{So) = N^(5o 05(^0)) 
respectively £{So) = NjF(,(S'o) such that N < G. By [AKOIH Lemma II. 3.1], there exists 
/3 € Hom^(N5(P), S) such that Q ■= P(3 e Tf . Set 

Ti := Nt(P)/3, := N7v(Q)ri and G := TtAH). 

As So < NnQ < N^(Q) and So G Sylp(7V), we have So € Sylp(Niv((3)). Moreover, So = 5o/3 < 
Nr(P)/3 = Ti, so Ti G Sylp(-?/) and ^ is saturated. Assume first 

A°(Q) < Auti,(5„)(Q). (5.8.1) 

Then A°(Q) = A^(5^)^^(g^)(Q) = OP(Autiv(Q)) = OP(Auti^(Q)) = OP(Autg(Q)), where the 
first equality uses (|5.8.ip . the second uses 13. H and the third uses 0p{H) = OP{Nn{Q)). As 
Q < H, we have Q <Q. In particular Q ^ and, as Q is saturated, AutTi(Q) ^ Autg{Q). 
Hence, 

A°(Q)nAutT,(Q) eSylp(A°(Q)). 

Observe that A°{P) = A°(Q)(/3-i)* and, by EH AutTi = AutT^^-i(P) = AutT(P). 

So the assertion follows and it remains only to prove (|5.8.1|) . For the proof let (p G A°(Q) 
be a p'-element. Then ipo := ip\sQ G Autj-g(5'o) and, bv 12. 1[ QCs{So) < -^(/po- Observe that 
AutjrpS'(S'o) = Autj-g(5o) Aut5(5o) and thus So is fully J-o^-automized. Hence, it follows from 
15.41 that 930 extends to V' G 'Rom.jr^s{QGs{So)-,S). By construction of FoS, ip = x^s for some 
s e S and x ^ ^o^FosiQ Gs{So), S) with [QCs{So),x] < So and x\so G kuijr^iSo). Then 
Cs\so = (x|so)"Vo G Auts(5'o) n Autjrj,(S'o) = Inn(S'o), so s = sqc for some sq G So and 
c G Cs(S'o). Observe now that Vi := X^s^ also extends (/^o, so replacing {il),s) by (V'i,so) we 
may assume s G So- Then [QC5(5o),V'] < 'S'o; hence we have ^pij)~^\sQ = Id and < •S'q. 

By |KS04l 8.2.2(b)], this yields ipil)'^ G Op(Autj-(Q)) < Auts(Q) < Aut2,(5g)(Q), where we 
use Aut5((5) £ Sylp(Autj-(Q)) as Q G . Since is a morphism in P(S'o), it follows 93 G 
Autx)(5o)(Q) showing ()5.8.ip . This completes the proof. □ 

For the proof of the next lemma recall the definition of ivT-normalizers and fully i^-normalized 
subgroups from [AKOIH Section 1.5] 

Lemma 5.9. Let U e V such that Uq G J'lf^ Let M G 9T([/o) and R G n AfJ' . Then 

Proof. Let a G Romjr{Ns{Uo), S) with C/qq G F^ and Af = Af{Uo,a). Then A°{R) < Autj^{R) 
is equivalent to A°(P) < AutA^i(P) for P := Ra, Ti := NT{Uo)a and A^i := FT,{H{Uo,a)). 
Since Uo ^ M, Ro = Uo and so Pq = Roa = Uoa. Assume by contradiction that there exists a 
p'-element G A°(P) with ip AutAri(-P). Set 

<fo := ^\Po, Ko := Inn(Po)(v'o), K := Autp(Po)(9^o), So := Nf°(Po), and Q := Nf (Pq)- 

Note that [Autp(Po), V^o] < Inn(Po) byOas [P, ip] < Pq. In particular, Ko<K and Autp(Po) < 
K. As po is a p'-element, we get Autp(Po) G Sylp(JC) and Inn(Po) G Sylp(iro)- This yields 
Nf (Po) = PC5(Po) and Ng;'(Po) = PoCso(Po) = Pq- Moreover, 

Autf (Po) = Autp(Po) G Sylp(i^) = Sylp(Autf (Pq)) 

and 

Aut|o(Po) = Inn(Po) G Sylp(Ko) = Sylp(Aut^° (Pq)). 

Since Pq G F^ ., Pq is fully J'-centralized and, as C/q G Fq , it follows from l2.4r b) that Pq G Fq. 
Hence, by |AK01l[ Prop. 1.5.2], Pq is fully iC-normalized in F and fully JCo-iiormalized in Fq. 
Now lAKOlll Thm. 1.5.5] implies: 

Q and Qo are saturated subsystems of F on PC5(Po) respectively on Pq. (5.9.1) 
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We show next: 

Go < Q. (5.9.2) 
Observe that Qq is ^-invariant as Kq < K. By (j5.9.ip . Q and Qq are saturated. Furthermore, 
clearly every element Cx G Inn(Po) with x € Pq extends to an element Cx € Autg(Po Cs(Po)) 
and [Cs{Po)-,Cx\ < [05(^0); -Po] = 1- Hence, it is sufficient to prove that 999 extends to ^ € 
Autc7(PoC5(Po)) with [Cs{Po)M < Z{Po). To show that, set Hq := N{Po)Ns{Po) < G(Po) 
and note that J^Ng(pQ)(ffo) is saturated, as N5(Po) £ Sylp(-ffo)- Hence, ipo extends to a p'- 
element Tp G AntHo{PoCs{Po))- Then Tp G OP(Autj^„ (Pq Cs(Po))) < A°(PoCs(Po)) by O 
Hence, [05(^0),^] < i^o n 05(^0) = Z{Po). This proves ([SMD- We show next the following 
property: 

Op(Ag,go(^))^AutT,(P). (5.9.3) 
For the proof note first that ipQ G Autj^g^Po) < Aut_/Vj(Po) ^-nd A/i is saturated. Hence, 
as PCti(Po) < iV^^ by EH <^o extends to V G HomAri(PCTi(Po),Pi). By E31 we have 
[Cp{ip),i;] < Cti(Po). As the action of ip on P is coprime and [P,ip] < Pq, |KSn4[ 8.2.7(a)] 
yields P = PoCp{ip). Hence, ip G Aut^v"! (^ (Pq)). ipo is a p'-element, we can then 
choose ^ to be a p'-element. So ^ G OP{Autj^,{P CtAPq))) < A°(PCti(Po)) by EH In par- 
ticular, [P,tp] < So and thus [Cp((^),^] < C5„(Po) = Pq. Hence as P = PoCp{^), Pil) = P 
and %l)\p G A°(P) n AutAri(P). In particular, 99, ^-Ip G Ag g;^(P) and [P, (^(^-Ip)"^] < Pq- As 
¥'|Po(V'|Po)"^ = Wpo, it follows from jKSOil 8.2.2(b)] that 'v?(^|p)~i G Op{A°g g^{P)). By as- 
sumption. If AutA/'i(P), so p{'4j\p)~^ ^ AutA/'i(P) ^'^d ™ particular, ip{il:\p)~^ AutTi(P). 
This proves (I5.9.3p . 

We now derive the final contradiction. If {QQP)g is saturated, then 

Inn(P)nA^,g^(P)GSylp(A^,g„(P)) 

which contradicts ()5.9.3p . Hence, because of the minimality of T and T^, Q = T and = T^. 
In particular, Pq = < P. Hence, by ESI Op(A°(P)) < Autr(P). As IJq = Sq< S, we get also 
Ti = Ta = T. Hence we have again a contradiction to (I5.9.3p . This completes the proof. □ 



Notation 5.10. Set 



no 
n 

Go 
Q 



{P <T:P gV^ andPoG T^^}, 

Go n v. 



Furthermore set A(P) := AutT(P) A°(P) for any P <T. 

Lemma 5.11. Let U & Go and Af e Af{Uo). Then Autj^{U) = A{U), AutT(C/) G Sylp(A(C/)), 
and every element ip G A{U) extends to an element of }iomx){N^ fl T,T). 

Proof. By 15.31 A/" is a saturated subsystem of V. As C/ G and A/" is a subsystem of V 
on Nr(f/o) > Nt(C/), it follows U e Af^ and AuiT{U) G Sylp(Aut^(f/)). By ESI and 
0?'(AutAr(t/)) = A°(;7), which implies A{U) = Avitj^{U). Since U is fully automized in TV, by 
[121 N^r\T = N^r\ Nt{Uo) = for any v? G A(C/). Now the assertion follows from the fact 
that TV is saturated. □ 

Lemma 5.12. Let U G Go (^nd ip G A{U). Then there exists x G A°{U) such that (px extends 
to a member o/Autx)(Nr ([/)). 

Proof. By EH AuiriU) G Sylp(A(;7)). So as AutT(f/)(/?* is a p-subgroup of A(;7), there exists 
X G A°(;7) such that AutT(C/)((^x)* = AniT{U)^*x* < Autr(^7). Then Nr(C/) = N^^^T, so 
again by 15.111 the assertion follows. □ 



12 



E. HENKE 



Lemma 5.13. Let P gUq. Then P'^ nGoT^ 0- In particular, P'^ n G ^ tj) for P e V.. 

Proof. Let R e P'^ n Vf . By [521 there exists a G Homi,(NT(-Ro), T) such that Qq := Rqu is 
well-placed. Note that R < Nt{R) < Nt{Ro)- So Q := Ra is well-defined, and Q G as 
R G Vf. Moreover, Q e R^ = P'^ and Qo e -^o^ as Qq is well-placed. ByES^a), Qo e -^5 as 
Pq ^ -^0- This proves the assertion. □ 

Lemma 5.14. We have V = (A°(P) : P eg)T- In particular, V = {A°{P) : P G 'H)t- 

Proof. Set Vq := (A°(P) : P G g)T and assume Vq ^ V. By definition of there exists then 
P G T-Lq such that A°(P) ^ Autx>o(-P)- choose P such that |-P| is maximal subject to these 
properties. We show first: 

pV ^ pVo^ particular, A°(Q) ^ AvLtj),{Q) for all Q G P^. (5.14.1) 

For the proof of (j5.14.1jl let Q e P'^ and (/9 G Isoo(P,Q). We will show that Q G P^'\ By 
definition of V, there exists Pi, . . . , P„ G Hq, ipi G A°(Pj) and t & T such that (/? = . . . (/JnQ. 
As Ct is a morphism in Vq, we may assume that t = 1. Set now := Y\i<n \Pi\>\p\ ^i- Observe 
that ■0 £ Homx)(P, Q) is a well-defined morphism. Because of the maximality of |P|, 99^ is a 
Po-™orphism, for every i < n with |Pj| > |P|. Hence, G Homxio(P, Q) and Q G P-'^''. This 
proves ()5.14.ip . 

Bv I2.4l fal. Hq is invariant under taking J^-conjugates. Hence, by (j5.14.ip . we may replace 
P by any P-conjugate of P. Bv 15. 13^ there exists Q G P^ Ci Qq, so replacing P by Q we may 
assume P G Qo- If P G ^ then, by definition of Dq, A°(P) < Aut-py(P) contradicting the choice 
of P. Hence, as P £ Go, P ^ V, i.e. we can choose U e P'^ such that Ct{U) ^ U. ByO there 
exists ^ G B.omvi^T{Uo),T) such that C/q^ is well-placed. Then Ct{UO > Ct{U)^ ^ U^. Thus, 
replacing f/ by C/^, we may assume that C/q is well-placed and, in particular, Uq G J^q. Then by 
[231^a), C/o G J'l^^ Let Af G ^(C/q). Then by[01 A/" is a saturated subsystem of P on N'r(f7o) 
with Uo<M. In particular, by |AK01H Lemma II.3.1], there exists 7 G HomAr(NT(C/), Nt(C/o)) 
such that R:=U-f e ML Then Ct(P) > CT(t/)x^ Uj = R and thus R < R := PCt(P). 
The maximality of |P| yields now A°(P) < AutvoiR)- Let a G A°(P) be a p'-element. By[5?9l 
a G A°(P) < Aut;\^(P). So as Af is saturated, a extends to q G Aut;\^(P). As a is a j?'-element, 
we can choose d to be a p'-element. Then a G 0^(Aut_/v'(P)) < A°(P) < Autx)o(P) by 15. 31 
Hence, a = djij G AutDo(P). This shows A°(P) < Autx)o(P)- As P G P^ this is a contradiction 
to (I5.14.1jl . □ 

Lemma 5.15. ieiP G Then P is V -receptive and, if P G P^, i/zenAutT(P) G Sylp(AutD(P)) 
and Aniv{P) = A(P). 

Proof. For the proof note first that, by 14.7^ for any P (z TL, we have Autx)(P) = A(P) provided 
Autr(P) G Sylp(Autx)(P)). So assuming the assertion is wrong, there exists P gTL such that P 
is not P-receptive, or P G P-'^ and P is not fully P-automized. In particular, there exists X £ Ti 
such that one of the following holds: 

(i) X is not P-receptive. 

(ii) There exists a fully normalized P-conjugate of X which is not fully automized. 

We choose such X of maximal order. Bv 15.131 there exists U £ Q H X^. The maximality of 
\X\ = \U\ yields: 

For any y G ■H with \Y\ > \U\, Y is P-receptive and, if y G P-^, (5.15.1) 
then Y is fully P-automized and Autx>{Y) = A(y). 
Next we show the following property: 

U is not fully P-automized or not P-receptive. (5.15.2) 
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For the proof of (j5.15.2p note first that U is fuhy P-centralized as C/ € D'^. Hence, if (ii) holds, 
then by |BCG"'"05l Lemma 2.3(a)] applied with in place of Ti, U is not fully P-automized. 
If (ii) is false, then in particular, U is fully D-automized. Moreover, (i) holds, so as X € is 
fully D-centralized, by [AKOIH Lemma L2.6(c)], U is not P-receptive. This proves ()5.15.2p . 

Clearly T is P-receptive. Moreover, by construction of V, Autx)(r) = Inn(T) A°(r) = A(T). 
So by 15.111 T is fully P-automized. This shows: 

U^T. (5.15.3) 

We show next: 

Let V G f/^, V <Vi< Nriy) and a G IsoviV, U) such that a extends (5.15.4) 

to an element a E Homx)(Vi5^)- Then there exists x ^ A°(C/) such that 

ax extends to an element of Homx)(NT(F), Nr(C/)). 

We prove (|5.15.4p by contradiction. Let {y,Vi,a,di) be a counterexample to (|5.15.4p such that 
first then the order of V2 := Nt(F) n Nt(Fi), and then the order of ^t{U) n NT(Via) is 
maximal. Set 

Ui := Via and U2 := Nt(?7) n Nt([/i). 
As {V,Vi,a,a) is a counterexample, Vi < Nt{V) and thus Vi < V2. As U £ , \ Nt{U)\ > 
I ^TiV)\ >\Vi\ = \Ui\. Thus Ui < Nt(C/) and Ui < U2. 

Let Ri G Uf nVf and /3 G BomviUi,Ri). As Ri G V^' and = \Vi\ > \V\ = \U\, it 
follows from (|5.15.ip that AutT(-Ri) G Sylp(Autx)(^i))- Hence, there exists fi G Aut-p(i?i) such 
that NAuti,(c/i)(C^)/3>* n AutT(i?i) G Sylp(NAuti,(c/i)(^^)/3>*). So replacing /3 by we can 
assume NAuti,(c/o(f^)/3* n AutT(i?i) G SylpiNAntr,{U^)iU)f3*). Setting 

:= [7/3 and i?2 := NT(i?) n Nt(^i) 

this gives 

AutR,(i?i) = NAut^(iJo(^) n Autr(i?i) G Sylp(NAut^(fi,)(i?))- 
As Antu,^{Ui) (3* is a p-subgroup of NAutx>(i?i)(-^)' there exists rj G NAutxi(-Ri)(-^) such that 
Aut(/2 (C/i)/3*?7* < Autji^iRi)- Hence, replacing f3 by (3r], we may assume 

Aut[/2([/i)/3* < Aut/^2(^l)• 
Then as 1^71 <\Ui\, it follows from (|5.15.ip that (3 extends to /3 G Homx)(C/2, ^^2)- As Auty^ (Vi) a* f3* 
is ap-subgroup of NAutxi{_Ri)(-R)) there exists p G OP(NAutxi(_Ri)(-^)) such that Auty2(^i)a*/5*P* < 
AutR2(-Ri)- Then af3p G Homx)(Vi, i?i) and V2 < N?*^^, so again by (|5.15.ip . a/3/9 extends to an 
element 7 G Homx)(V2, -R2)- Then 7 extends also a/3|;7/7|R. Note that p\ji G OP(Autx)(-R)) and 
thus also ip := p!r(/3I^^)* G OP(Autx)(C/)) = A°([/) by 23 Observe furthermore a/3\up\R = 
aip/3\u. 

Assume first V27 = ^2- Then setting V2 := C^2/37~^, it follows that 71^^/3^"*^ G Isox)(V2, f/2) 

extends ^ lsox>{V,U). Recall = \Ui\ < IC/2I = |^2|- Hence, the maximality of |Vi| yields 
the existence of xo ^ A°{U) such that aipxo extends to an element of Homx)(NT(^), Nt(C/)). 
Then (I5.15.4p holds with x '■= i^Xo ^ A°{U) and so {V,Vi,a,a) is not a counterexample. This 
shows V27 7^ i?2 and thus 

|V^2| < \R2\. 

Note that 5 := /3~^|/j G Homx)(-R, f/) extends to /3~^ G Homx)(i?i, C/i). Hence, as IV2I < I-R2I) 
the maximality of IV2I yields the existence of x £ A°{U) such that ax extends to an element 
if G Hom25(NT(i2),NT(f/)). Then Rip = U and /3\uip\R = 5-V|j? = X e A°(C/). 

Suppose first \ Nt{U) riNT{Ri(p)\ > \U2\- Note that ax = Oif3\i/ip\R £lsot>{V,U) extends to 
a/3ip G Homx)(Vi,r) and Via/3ip = Ri^p. Now the maximality of the order of U2 = Nt{U) PI 
NxiVia) and the assumption \ Nt{U) r\NT{Ri(p)\ > IC/2I implies that there exists xo ^ A°{U) 
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such that axxo extends to an element of Homx)(N7^(y), N7^(C/)). Hence, the claim holds with 
X ■= XXo, so {V, Vi, a, a) is not a counterexample. This shows 

|Nr(f/) nNT(i?i<^)| = IC/2I. 

Therefore 

\R2\ = \R2^\ < I Nt(C/) n Nt(/?i(^)[ = IC/2I = < \R2\- 

Now equality holds above, so IC/2I = I^2l and U2I3 = i?2- Recall that aV'/3|c/ extends to 
7 E Homx)(V2, i?2)- Therefore, aV extends to 7/3 ~^ G HomD(l/2, ^^2)- As Vi < V2, the max- 
imality of l^il yields that there exists xo G A°{U) such that aipxo extends to an element of 
HomD(NT(V^),NT(C/)). Now it follows with x := ipXo G A°{U) that {V,Vi,a,a) is not a coun- 
terexample. This final contradiction proves (|5.15.4p . We show next: 

Let y G [/^ and a G Homi,(y, U). Then there exists x e A°([/) (5.15.5) 
such that ax extends to an element of }iomx)(NT{V) ,Nt{U)) . 

By 15.141 there exist Pi, ... , Pm G ^ and, for 1 < i < m, 0j G A{Pi) such that a = (f)i . . . (pm- 
More precisely, setting Vi := V^+i := Vi(j)i and (y9i := ^jji/j, we have a = ipi . . . ipm- We will 
prove the following generalization of (j5.15.5p : 

(*) For each 1 < k < m, there exists Xfc ^ A°(C/) such that ^k---^mXk extends to an 
element of Homi,(NT(Vfc), NT(f/)). 
To prove (*) consider first the case m = k. If Pm = Vm then U = Pm = Vm and ipm G A{U), 
so (*) follows from 15.12] If l^n < Pm then < W^m := Np^(ym)- Hence, extends to 
4'm\wk S Homx)(H^fc, T) and (*) follows from ()5.15.4p . So by induction on m — k we may assume 
from now on that k < m and for fj, := 99^+1 ... 99^, there exists x ^ A°(J7) such that nx 
extends to an element /3 G Homi5(NT(Vfc+i), NT(f/)). If Vk < Pk then Vk < Wu := Np^(Vfc) 
and ipk^J'X £ IIomx)(Vfc, [/) extends to (t>k\wul^ ^ IIomx)(VFfc; Hence, by ()5.15.4p . there exists 
Xo S A°([/) such that (ptfJ-XXo extends to an element of Homx)(N7^(Vfc), Nt([/)). Thus, (*) holds 
in this case for Xk '■= XXo- Assume now Vfc = Pk- Then Vk = Vk+i = Pk ^ G and tpk G AiVk). 
Hence, by l5.12l there exists p G A°(Vfc) such that ipkp extends to an element 7 G Autx)(Nr(Vfc)). 
Then 7/3 G Homx)(Nr(VA;), Nt(C/)) extends ifkppx = ^kp{pp*)x- Observe that pp,* G A°(C/), so 
(*) holds with Xk ■= {pi^*)x S A°(;7). This completes the proof (*) and thus of (|5.15.5p . We 
show next: 

U is P-receptive. (5.15.6) 

For the proof of (I5.15.6p let V £ and a e Homx,(y, U). By (I5.15.5p . there exists x e A°{U) 
such that ax extends to /3 G Homx)(NT(l/^), Nt(C/)). As U e G, it follows from 15.111 that x^^ 
extends to 77 G }ionix>{Ny,-i flT, T). By I2.H Antj^T>{V){ax)* = Autj^^i^{U) and thus 

Ant^^^{U)ix-'r = Ant^^iV)a* < AntriU). 

Therefore N]^f3 < N^-i n T, so {l3\j\i^)ri G ilomx){N^ ,T) is well-defined and extends a. This 
proves ()5.15.6p . 

We now derive the final contradiction. By (|5.15.2p and (|5.15.6p . AutT(f/) Sylp(AutD(C/)). 
Let AutT(C/) <Su£ Sylp(Aut7? ([/)). Then AutT(f/) < NsuiAutriU)). Pick 

a G N5^(AutT(f/))\AutT(C/) 

and note P := Nt(C/) = . So by (I5.15.6p . a extends to a G Antx>{P). Since a is ap-element, 
we may choose q to be a p- element. Let Q G n P-^. By (I5.15.3p . |Q| > |;7[. Thus, it 
follows from (I5.15.1j) that AutT(<3) € Sylp(AutD(Q)). Hence, there exists /3 G Homx)(P, Q) 
such that a/3* G AutT((5). Pick t G Nt((5) such that a/3* = qIq. As Ua = Ua = U, 
we have ([//?)* = Up{al3*) = Ual3 = Up. Hence, t G Nt(C//3). As C/ G P-^, it follows 
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P/3 = NT(f/)/3 = Nt(C//3). Thus, t/S'^ G P and d = ctlg/S-* = q^-i|p G Inn(P). This implies 
a = a\u ^ AutxiU), contradicting the choice of a and thus completing the proof. □ 

Lemma 5.16. Let Q G V^XH. Then there exists a G Homx)((5,T) such that CsoiQoa) ^ Qoa. 

Proof. Assume the assertion is wrong and let Q be a counterexample with |Qo| maximal. Since 
Q ^ v., Qo ^ Tq- In particular, Qq / 5*0, so Qo < Rq ■= ^SoiQo)- Set R := RqQ. Suppose 
first that Rq Tq. Then R ^ %. As Q G V^, we have also R ^ V^. Now the maximality 
of IQol yields that R is not a counterexample and so there exists /3 G Homx> (i?,T) such that 
C5o(i?o/3) ^ -Ro/3- As (5o/3 < it follows Cs'q((5o/3) ^ Qo/^ and the assertion holds with 

a = /3|q, contradicting Q being a counterexample. So we have shown: 

Rq G /"q. (5.16.1) 

We show next: 

There exists 7 G Homx)(i?,T) such that i?o7 G J"^ and (5o7 S Njr;,(i?o7)-^- (5.16.2) 

Since i?o G Fq by (|5.16.ip . it follows from 15.7] that there exists rj G Homx)(NT(-Ro)) ^) such 
that R^rj is well-placed. In particular, R^rj G Fq'^ , so we may choose J\f G 5'I(i?or?). By 15.31 
A/" is a saturated subsystem of P on NT(i?of?) with Njr^(i?o??) ^ M and i?o?? ^ A/". Hence, 
by [AKOlU Lemma II. 3.1], there exists /i G HomAr(NT(-Ro??) n Nt(Qo?/), Nt(-Ro??)) such that 
QoW S . Then i?oW = and, by 12.51 applied with (7\A, Nj-o(i?o?7)) in place of (J^, J-q), 
Qorin G Nj-o(Po?/)^- Observe that R = RqQ = '^So{Qo)Q < ^t{Qo) n Nt(Po) and thus 
RV < N'r(i?o?/) n Nt((5o??)- Hence, (|5.16.2|) follows with ^ ■= rjfiln. 

Let now 7 be as in (|5.16.2p . As J-q is saturated, it follows from [AK01l| Lemma II. 3.1] that 
there exists 5 G Homjr^j (Ng^ (Qqt)) 'S'o) such that Vq := Qo^6 G Fq. Bv 12.4( a). Vq -^o ^^"^ 
so, as G Cso(^o) ^ V^o- If 0^0(^0) ^ ^o7<5 then Cso(V^)) n N5o(Po7^) ^ ^o7<5 > ^o, so 
C5o(^o) n Ns,{RojS) ^ Vo. If C5o(^o) < RolS then also Cs,(,Vo) < Ns„(^o7<5). So in any case, 

Cso{Vo)nNs,{RojS) ^Vo. 
By the choice of 7, i?o7 G /"if and Qo7 G Nj-o(Po7)^- Hence, by |AsclOl (2.2)(1)], 

(N5o(Qo7) n Nso(i?o7))'^ = Nso(Vo) n Nso(i?o7<5). 

Then {Cs,{Vo)nNs,{RolS))6-^ < Cs,{Qol) and (Cso(M)) n N5o(Po75))'5-^ ^ l^o^"' = Qo7. 
Hence CsoiQo^) ^ (5o7 and the assertion holds with a = 7|q. □ 

Lemma 5.17. Let Q G 'D'^\H. Then there exists P G such that 

AutriP) n Op{Autv{P)) t Inn(P). 

Proof. Bv 15.161 there exists a G Homx)((5,T) such that CsoiQoa) ^ QoO- Then for P := Qa, 
X := C5o(-Po) t Po- Note that [P,NxiP)] < Po and [Po,X] = 1. So by pCSOl 8.2.2(b)], 
Autx(P) < CAut^(P)(^/i'o)nCAut^(P)(Po) < Op{Antv{P)). If Autx(P) < Inn(P) then, as 
Q G P"^, X < P and thus X < P n = Pq) a contradiction. This proves the assertion. □ 

Proposition 5.18. D is saturated. 

Proof. This follows from |BCG"'"05[ Thm. 2.2] and the properties we have proved before: The 
set H is closed under conjugation in V according to I2.4r a). Bv 15.141 T> is "H-generated. Since 
Ti C V^, every su bgroup in H is fully D-centralized. Hence, by 15.151 T> is "H-saturated. The 
assumption (*) in |BCG+05l Thm. 2.2] is verified in lSTFl □ 
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6. The proof of Theorem \T\ 

From the results we proved in previous sections, it remains to show that D = FqT is the 
unique saturated subsystem £^ of J-" on T with 0^{8) = 0^{J-q). We do so below in two lemmas. 
However, before we start, we want to recall that, for an arbitrary saturated fusion system T on 
S 

\)X)p{T) = {[P,OnAnir{P))]:P<S) 

and 0^[F) is the fusion system on P)t)p(J-') generated by the automorphisms groups 0^{K\xij^{P)) 
with P < i)t)p{T). See Section 1.7 in [AKUllj for details, in particular for the proof that Op{T) 
is a normal subsystem of T. Observe also that 0^{0^{J-)) = 0^{J-). 

Lemma 6.1. Op{FqT) = OP{To). 

Proof. Note OP{To) ^ Tq <^ V = TqT. By SZl for any P < T, OP(Auti,(P)) < A°(P), so 
To := l)t)p{V) = t)t)p(Jb)- Moreover, by |M1 OP(Auti,(P)) = OP{Autr^,{P)) for P < Tq < Sq. 
Hence, 

OP{V) = {OP{Antv{P)) : P < To)to = (0^'(Aut^„ (P)) : P < n)To = OP{Fo). 

□ 

Lemma 6.2. If £ is a saturated subsystem of J- on T with 0P{£) = OP{J-q) then £ = T>. 

Proof. Suppose the claim is true in the case OP{Tq) = /q. Then applying this property with 
£ = V, we obtain V = OP{To)T, where we use 16.11 and the fact that V is saturated as proved 
in Section [5l Hence, we are indeed reduced to the case that OP{To) = Fq and in particular, 
\)X)p{£) = f)t)p(J'o) = Sq. As = OP(J'o) = 0P{£) < £, it follows from [Asclll 7.18] that 
P n So € Jo' for any P e £f'"'. Moreover, [P, ©^(Autfjp))] < P n f)t)p(^) = P n 5o and, for any 
p'-element ip £ Aut£:(P), (p\po is a morphism in 0P{£) = Tq. Hence, OP(Aut£-(P)) < A°(P) and 
thus, by Alperin's Fusion Theorem |BLO03bl Thm. A. 10], 

£ = {OP{Aut£{P)) : P e £'^^'")t C TqT. 

Alperin's Fusion Theorem together with [Ascllt 7.18] and the fact that D is saturated, gives also 
V = {OP{Autv{P)) : P G Vf", Po G J5)t. So, bySZl it is sufficient to prove A°(Q) < Aut£(Q) 
for Q G Vf^ with Qo E To'- Let ^ G A°(Q) be a p'-element. Then 0|qp is a morphism in Tq and 
thus in £. As £ is saturated and Q € D^, it follows from 12. Il and the extension axiom that (j)\Qg 
extends to an element V' e OP{Aut£{Q)). Then [Q, V'] < Q Pi f)t)p(f) = Qo and thus ijj € A°{Q). 
As V is saturated and Q G D^, AutriQ) € Sylp(Autx,((5)). Hence, using |KSn4l 8.2.2(b)], we 
get (pi;-^ G Ca°(q)(Qo) < Op(A°(Q)) < AutrlQ) < Aut£:(Q) and thus (p G Aut£:(Q). This 
proves the assertion. □ 

Proof of Theorem [7J As proved in Section O P = TqT is saturated. By 16.11 and 16.21 V is 
the unique saturated subsystem £ oi T on T with 0p{£) = OP{IFq). Furthermore, 14.71 gives 
A°(P) = OP(AutD(P)) for P < r with Po G Jg- This proves the theorem. □ 

7. Final Remarks and Examples 

7.1. Connections to factor systems. We will explore here how the fusion system J^qT arises 
as a saturated preimage of certain subsystems of factor systems of J-. As a basic fact, in a 
finite group G with a normal subgroup A^, for any subgroup H of G, the product NH is the 
largest preimage of the image of H in G/N . We would like to establish similar properties of 
products in fusion systems. Recall that, for any strongly closed subgroup P, the factor system 
T /R is defined; moreover, the strongly closed subgroups turn out to be precisely the kernels of 
morphisms between fusion systems; see e.g. |AK01l[ Section H.S] for the precise definition of 
T / R and more information. From now on, for any subsystem £" of J-" on a subgroup E < S, 
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we write £/R for the image of 8 in J-/R, i.e. for the subsystem of J-/R on ER/R generated 
by the maps which are induced by morphisms from £. (With this notation we do not mean to 
imply in any way that R is contained m. £.) For a normal subsystem J-q of J-" on So, one defines 
the factor system T/Fq to be F/Sq. We set £ /Tq := £ / Sq. (Again, this notation doesn't mean 
that So or J'q is contained in £.) 

From the construction of TqT it follows easily that {TqT)/To = Tt{T)/To, so TqT is a 
saturated preimage of J-t{T) / J-q. However, the following example shows that J-^T is neither 
the unique saturated preimage on T, nor the largest saturated preimage. 

Example 7.1. Let Gi and G2 be two finite groups which both have a normal Sylow p-subgroup. 
Assume for at least one i = 1,2, / Op(Gj) CG,(Op(Gi)). Set G := Gi x G2 and let T G 
Sylp(G). Note that T < G and thus, by [AKUlll Prop. 1.6.2], := Ft{T) < F := Ft{G). 
Moreover, F/Fq = Ft(T)/Fo is the fusion system on the trivial group. So F is the largest 
preimage of Ft{T)/Fo, but FqT = Fq is a proper subsystem of F. 

We now turn to factor systems modulo an arbitrary strongly closed subgroup. Recall that, 
for any subgroup R of S, we defined FqR := Fq{RSq). 

Proposition 7.2. Let R be a strongly dosed subgroup (not necessarily containing Sq). Then 
FqR/R = Fq/R. 

Proof. As Fq C FqR, we have Fq/R C FqR/R. Set S = S/R and F = F/R. Accordingly, for 
any morphism a & F, write a for the image of a in F. Let P < RSq and ip £ B.om.jr^ji{P, SqR). 
We need to show that ^ is a morphism in Fq = Fq/R. By Theorem [H FqR is saturated; 
so it follows from [AKOIH Thm. n.5.9] that there exists ip G Homjr^jj(Pi?, Soi?) such that 
iIj ='ip. Hence, replacing (P, (/?) by {PR, tp), we may assume R < P. Then P = R{PriSo) and so 
P = P r\ Sq. Moreover, bv l4.H lpq := ip\pnSo = Cr4> for some r £ R and cp € Homjr^((Pn5o)'', So). 
Hence, Tp = Tp^ = (l)£Foas required. □ 

Again, FqR is not in any way unique or maximal as a saturated preimage of Fq/R on SqR, 
as the following example shows. 

Example 7.3. We continue to use the notation introduced in Example 17. li Take i? = T as a 
strongly closed subgroup. Then Fq/R = F/R is the fusion system on the trivial group. However, 
as remarked before, F is the largest saturated preimage oi Fq/R in F, and Fq = FqT is a proper 
subsystem of F. 

7.2. Products of 0^{F) with p-subgroups. There is the following generalization of 0^{F) 
in the literature: For any T < S which contains i)i)p{F), there is a saturated fusion subsystem 

Ft = (OP(Aut^(P)) ■.P<T)t 

on T, which is normal in F provided T < S; see |AK01l[ Thm. L7.4] for details. It is easy to 
see that O^^Ft) = 0'P{F) and thus, by the uniqueness statement in Theorem[Tl Ft = 0^{F)T. 
In particular, Op{F)T is normal in F ii T < S. 

7.3. Uniqueness of the Product. For the uniqueness statement in Theorem [1] it is indeed 
essential to consider products inside the same fusion system F, as the following example shows: 

Example 7.4. We construct two saturated fusion systems F and G on the same p-group such 
that OP{F) = OP{g) and F ^ Q: Let g > 3 be a power of p, 1 / A G GF(g)^, and S a 
finite dimensional vector space over GF{q) of dimension at least 2. Fix a non-trivial proper 
subspace U oi S and complements Wi, W2 of C/ in S with Wi ^ W2- Define ai, 02 G GL{S) via 
(^i\u = A • Id[/ and aj|iy, = Idiy, for i = 1,2. Set Gj := S x (oi) for i = 1,2, F = Fs{Gi) and 
g = Fs{G2). Then for a := ai\u = aalc/, 0p{F) = Fu{U x (a)) = 0^(0). However, ^ / ^ as 
Wi 7^ 1^2- In particular, setting Fq := Op{F), we have {FQS)jr ^ {FoS)g. 
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7.4. The definition of TqT. In our explicit description of J-qT, one considers only the sub- 
groups P <T with PnS'o G J-Q- This might seem a bit artificial on the first view. However, for an 
arbitrary subgroups P < T, it appears that there is no good way of describing 0P(Autj-g7^(P)). 
In 14.71 we prove that 

0''(Aut^„T(P)) < A°(P), 
but the converse inclusion does not necessarily hold, as we show in the next example. 

Example 7.5. Let p be a prime and g > 3 a power of p. Take to be a finite-dimensional 
vector space over GF{q) which is the direct sum S = U ®V ®W oi three non-trivial subspaces 
[/, V, W. Set Sq:=U®V and let W i^Whe& complement oiV\nV(BW. Let A G GF{qY 
and define a,/3 & GL{S) via 

a\u = X-ldu and Q|y©H/ = Idy^iy, 

Plso = X ■ Idso and Plw' = 

Set 

G := 5 X (a,/3) and N := {So,f3). 
Note that ^ G, and that a and /3 commute. Since [S,(3] = Sq, this implies N <G. In 
particular, To := J^Soi^) < F := Ts{G). Set P ■.= U®W. Then P n 5o = C/, [P, a] = U and 
c^lc/ = /3|!7 G AutjrQ([7). Clearly, the order of a divides g — 1, so q is a p'-element. Hence, 

a|pGA^,^„(P). 

As W ^ W, no non-trivial element of (/3) normalizes P and thus Njvs(P) = S. Hence, 
Autj-Qs(^) = AutAr5(P) = 1 and, in particular, a\p Autj-(,s(P). This shows 

A>,^o(P)^Aut^„s(^'). 
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